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Abstract—Chaperones are a global resource within cellular
biomolecular systems, ensuring that proteins are properly folded
and preventing that aggregation leads to cell death. Introducing
genetic circuits to a cell may place a load on these folding
resources, resulting in unintended coupling between otherwise
independent circuits’ behavior. Previous analyses have consid-
ered loading effects on other cellular resources — such as
gene expression resources — but have not included chaperone-
enabled folding. In this paper, we model two chaperone modal-
ities, encapsulating two important classes of chaperones as well
as their potential interactions. We identify distinct responses
that arise from the different architectures which can be either
competitive or activating. This work indicates that native
cellular chaperones may have built-in control architectures to
mitigate loading by an increased demand from chaperone-
reliant proteins.

I. INTRODUCTION

Across all domains of life, a cell’s proteins must be
folded properly to function [1], [2]. If a protein misfolds,
it may potentially aggregate, leading to cell death [3]. In
bacteria, this folding can be accomplished with the help of
proteins known as chaperones, which are responsible for
the disaggregation and folding of other proteins [1]-[3].
Approximately 20% of protein species in the cell rely on
these chaperones to fold; among this 20% are proteins that are
critically necessary for a cell’s survival, such as amino acid
biosynthesis proteins, regulators for important transcriptional
pathways, and even other chaperones [4], [5].

Two important general-purpose classes of chaperones are
the DnaK/Dnal/GrpE (KJE) chaperone system, and the
GroEL/GroES (ELS) chaperonin system. Both of these sys-
tems detect the folding state of a target protein by binding its
hydrophobic residues [5], [6]. Correctly-folded proteins tend
to consolidate their hydrophobic residues to their interiors,
to minimize hydrophobic-hydrophilic interactions with the
cytoplasm; therefore unfolded and misfolded proteins (each
of which are likely to have exposed hydrophobic residues) are
preferentially bound by chaperone systems. The KJE folding
system operates by binding to unfolded or misfolded proteins
and preventing their aggregation, and — upon unbinding
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— leaves the protein in an unfolded state, so that it may
either fold properly or misfold again [6]. The ELS system,
however, plays a more active role in the folding process,
by surrounding unfolded proteins in an isolated chamber,
allowing the protein to fold in the absence of any external
factors [5]. Less-stable proteins rely more on ELS to fold,
while proteins that are more stable (but still reliant on
chaperones to fold) are able to refold using either KJE or
ELS [5].

Recent work has established that competition for resources
is a significant factor affecting engineered genetic circuitry,
for both bacterial and mammalian cells [7]-[9]. In bacterial
systems, it was determined that ribosomes — which are
responsible for translating a gene’s messenger RNA into
unfolded protein — are in high demand, and that competi-
tion for ribosomal resources can lead to coupling between
seemingly-orthogonal systems [7], [9]. Recent work has
suggested that limited folding resources may play a role in
preventing cell death in the presence of proteins that are toxic
when folded, such as the endoribonuclease toxin MazF [10].

This paper will compare two different models of competi-
tion for chaperones, and analyze how biochemical parameters
affect the extent of coupling among proteins that rely on the
same chaperones. Specifically, we consider two modalities.
In modality 1, we abstract chaperone function into a single
enzymatic reaction converting unfolded proteins to folded
proteins (Fig 1(a)). In modality 2, we divide the chaperone
pool into two separate sub-pools and consider that one
subprotein of the KJE system is itself reliant on ELS to fold,
accounting for differences between KJE and ELS refolding
systems (Fig 1(b)) [5]. In each modality, we analyze the
ordinary differential equation (ODE) models that correspond
to the chaperone folding system, and identify any unintended
coupling that results from sharing folding resources. We find
that the architecture of modality 1 leads to a competitive
effect, in which the increasing the volume of the competitor
module leads to a decrease in folding in the module of
interest; by contrast, modality 2 can give rise to either the
same competitive effect, or an activating effect, in which
introducing the competitor module boosts the folding of the
module of interest. This ultimately suggests the existence of
a circuit architecture that compensates for competition within
the cell.

The outline of this paper is as follows: Section II intro-
duces the chemical reactions, modeling framework, and ana-
lytical findings of unintended regulatory interactions present
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Fig. 1. Models to describe chaperone folding. (a) In modality 1, chaperones
are modeled as a single species Hy and enzymatically convert unfolded
proteins (X;) into folded proteins (X;). (b) In modality 2, chaperones are
considered in two separate pools of KJE (H;) and ELS (H2) systems. The
chaperone protein DnaJ of KJE is critically reliant on ELS to fold properly,
resulting in a cascaded architecture.

in the model of modality 1. Section III performs a similar
analysis of unintended interactions in modality 2. Section IV
concludes the study and considers the biologically-relevant
findings of the system, lending insight into potential future
work that can be done in the field.

II. MODALITY 1: SINGLE CHAPERONE SPECIES

In modality 1, the reaction network comprises a single
chaperone species Hi, and proteins that need to be folded
(X;, where i € {1,2,...,n}). The chaperone species re-
versibly binds with each X; to form a complex C;, which
can then produce an output folded protein X; and returns the
chaperone to the available pool. It is assumed that there is a
fixed, constant pool of each protein X; in the system, so that
production and dilution of proteins is not considered. The
following chemical reactions correspond to this model:

H1+)_(i%‘ciﬂ>H1+Xi
X; I X,

from which the following reaction rate equations can be
derived using mass action kinetics [11]:

%Xi =7 Xi — a; X Hy + d; C; (1)
%Ci = a; X;Hy — (d; + k;)C;
& X = kG- iXe @
We have conserved quantities of proteins and chaperones:
Xa=Xi+X;+C; (3)
Hlt:Hl"‘zn:Ch 4)
i=1

where X;; and Hy; are the total concentrations of the i-
th protein and the chaperone, respectively. The complex
formation reaction is fast, and so we may approximate C;
according to its quasi-steady state [11]:

Hi X,

where K; = (d; + k;)/a;. Plugging (5) into (4), we find the
concentration of free chaperones H;:

_ Hyy
L+ 30, %
We substitute (3), (5), and (6) into (1), to arrive at a final set

of ODEs for our reduced system describing the dynamics of
chaperone-mediated folding of proteins:

Hy (6)

d 7 XK
%Xi =7 (X —Xi)— (v + ki)Hltﬁ,
J:l Kj

(7

=f:i(X)

where X = (Xi,...,X,) is a vector of unfolded pro-
tein concentrations, and X; = (Xyy,..., Xp¢) is a vector
of total protein concentrations, so that £X = f(X) =
(f1(X), ..., fn(X)). By taking the conservation law (3) and
substituting our quasi-steady state concentration from (5), we
arrive at the concentration of folded proteins:

Hy /K
L4+, %

For a state variable X, we will denote its equilibrium
value by X*. We will next show that increasing the total
level of a competitor protein X;; causes a decrease in the
equilibrium level of folded protein of interest X},i # j,
and that increasing the total concentration of the protein of
interest increases the concentration of the folded protein of
interest.
Claim 1. In the system given by (7), for n = 2, we have that:

>0,
xi=x: (<0,

Proof. We consider the system at equilibrium:

_ X. /K
Xi) = (vi + ki)Hlt%-
1+ =

Without loss of generality, we will take ¢« = 1. Taking the
Jacobian of the system and evaluating it at the equilibrium,
we arrive at the following expression:

af _ [91 h12}
OX |g_go  |h2r 92’

X, =Xu—X; [ 1+ ¥

0X;
90X

1=7
otherwise.

0 =7i(Xi —

where:
X*
H 1"'2' e
gi=—7z’—(%+/€i)Ku s —— <0
i 2 X7
(1+2j:1 Ka‘)
H X*/K;

hij = (7i + ki) = i/ 5 > 0.

K; X
J (1"’23:1 KJJ)

Analysis shows that det (g—)f( = g192 — h12ha1 > 0, so this

Jacobian matrix is invertible. With this, we apply the implicit
function theorem from [12] to consider the effect of X5; on



the equilibrium level of each unfolded protein X ;7 and arrive
at the following expression:

0X __(of 1t oof ©
0Xot | g5+ 0X* X o
1 ’72h12}
- - . 10
9192 — hi2ha [—7291 (10)
| S ———
>0
09X,

We have from above that 75+ > 0. Taking the partial
derivative of (8) with respect to X5;, we have:

H X3
e (1+ %)

0X1 X
= 1+ =
0Xat| 3, —x- OXot | g—x- (1 +37, ?)
J= J
and so g))((;t < 0, which accounts for the lower part of

the proof. Considering the upper section, we take the partial
derivative of (8) with respect to X:

X, »
0X1t |5, —x~
0% o (1+%)
0Xit | x—x-

2 X* 2

=c

It can be shown that ¢ < 1, and so we have g )élt > (0, which

completes the proof. [

These competition effects are shown in Figure 2(a). As the
total concentration of the competitor protein Xs; increases,
the level of free chaperones H decreases, which in turn
leads to fewer available chaperones to assist in the folding
of the protein of interest X;. As Hi; increases, competition
becomes negligible, as more chaperones are available to assist
in folding. Therefore, increasing chaperone concentration can
help to mitigate the effects of competition (Figure 2(b)). Now,
we continue to an analysis of modality 2.

III. MODALITY 2: DUAL CHAPERONES IN CASCADE

Modality 1 implicitly assumes that all chaperone species
operate as a single cohesive unit, and that this unit operates
comparably on all proteins. It has been shown that this is
not the case; not all proteins are equally stable, and not all
proteins are folded equally well by all chaperones [5], [14].
This necessitates the development of modality 2, in which we
divide this system into 2 different chaperones, encapsulating
roughly non-ELS (H;) and ELS (Hj) chaperone systems.
This is because ELS has been observed to operate on more
unstable proteins, and non-ELS chaperone systems have been
observed to be interchangeable in some contexts [15], [16].
It has additionally been suggested that the DnaJ subunit of
KIJE is itself reliant on ELS to fold; to incorporate this, we
consider that the chaperone species H; can unfold into a
nonfunctional chaperone H;, and be enzymatically refolded
by H2.
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Fig. 2. Modality 1 exhibits chaperone competition, which can be mitigated
by increasing the total chaperone concentration in the system. (a) Plots of
the equilibrium concentration X7 as a function of X7+ in the presence of a
competitor Xo. The input-output relationship between the total concentration
X1+ and the folded concentration X; is a function of Xo;. (b) As the
total chaperone level increases, the range of concentrations Xo; for which
the folded level of the protein of interest is independent of Xo; expands.
Parameters used: k; = 4.8-10"min—!, K; = 1uM, v; = 0.0119min—1,
Hyy = 49uM (for (a)), X1+ = 1uM (for (b)).

As a direct result of these changes to the system architec-
ture, we observe that the system has a potential for activating
effects, in that the introduction of a competitor protein boosts
the folding of the protein of interest. The system can be
summarized in the following chemical reactions:

ﬁ1+H20;:OCOk_O>H1+H2
0

H, = H,
RN kij
Hj+XiT ij——>Hj+Xi

ij
Vi o~
X; = X,
from which reaction rate equations can be derived with mass-
action kinetics:

d - _

£H1 =voH1 +doCo — apH1H> (1D
d _

@CO = aoH1Hs — (do + ko)Co

d - _

%Hl = koCo — yoH1 — Z(ailXiHl — (di1 + ki1)Cir)

i=1
d n _
%Hz = Z((diQ + ki2)Cio — ainX;Hy)
i=1
d 2 _
i =mXi+ Z(dijcij —a;; X, Hj) (12)
i=1

d _
5 Cis = aigXillj — (dij + kij)Cyj

d

2
—X; = Zkijoij — 7% X
=1



We have the following conserved quantities:

Xit = X; + X; + Ci1 + Ciz (13)
n
Hy = Hy+ H +Co+ )Y Ca (14)
=1
n
Hy = Hy+Co+ Y Cia. (15)

i=1

As before, we approximate the enzymatic reaction to be
fast, arriving at a similar result as (5) for our quasi-steady
state complex concentrations Cy and Cj; [11]. We find the
following for the quasi-steady state complex concentrations
Co and Ciji

H,H,

Co = Ko (16)
X,H,
CZJ F(’L‘] ’ ( 7)

where Ko = (do + ko)/ap and K = (dij + k‘i]‘)/aij.
Plugging (16) and (17) into (14) and (15), we arrive at the
following expressions for the concentration of free chaper-
ones:

Hyy
1"‘%"‘2?:1 1)(<2
Hyy
143 (1+%) +2 RE

Hy = (18)

Hy =

19)

From here, we substitute (13), (16), (17), (18), and (19) into
(11) and (12) to obtain a reduced ODE model of our cascaded
system:

1
1+%8(1+72>+E?:1 K1
Hl/K()

— koHoy =
L+ Kl + 3 KL2

d - _
i = Yi( Xt — Xi)

d -
—H; =vwH
dat 1 = Yoll1t

— (v + ki1) Hu Ko -
1+2 1+ &)+, &

X
— (s + ki) Hot iz =
B T =

(20)

For the sake of analysis, we will take n = 2, so that we
have two proteins competing to fold with H;, and all three
of Xy, X5, and H; competing to fold with Hs. In this case,
we define the non-dimensionalization parameters in Table I,

Term Definition
T f Xi/Ki2
x; Xi/Ki2
Tit Xit/Ki2
T Yot
h1 Hl/KO
hj¢ H;r/Ko
do ko /70
d; ¥i/ Y0
Qij (vi + kij) Ko /10 Kij
Qo 1+ hat + dohas
Q| Qo/(1+ doh2tKia/Kir)
TABLE 1

PARAMETER SUBSTITUTIONS TO NON-DIMENSIONALIZE THE SYSTEM
DEFINED BY (20) INTO (21).

as well as substituting our definition for Hy from (18) into
(20), to arrive at the following system:

ihl _ 5Oh1th2t/QO o 5Oh2th1
dr T4+ 5482 14+h+a+a
L i = 8w — a2) - O‘“‘s;’h“h”””i/ i @n
dr I+ g+ 5+ &
Li
— ighay

1+h1+$1+$2.

Note that € is defined exclusively by &g and hos. The
concentration of folded protein ¢ x; y may be written as:

Ko Soh

:chl,KO1 0902*

xi,f—fit_xi_l_i_hil_‘r +
QQ QQ

(22)
ﬂfi%t%"z
L+hy+x +a0

For a given state variable x, we denote its equilibrium
value by x*. With fixed z;, 7 ; is a decreasing function
of z7. This system is similar in form to (7); the difference
comes in the form of the additional state variable h;, and
the term it brings to the denominator of each refolding term
in (21). This leads us to identify a lateral activation effect in
our system:

Claim 2. Let n = 2, let 6 be a vector containing all
parameters in the system and define:

(91’1 f
0) = —= .
9(0) Dt |. .

Then, there are 0y and 01 such that g(6y) < 0 and g(61) > 0.
Proof. Let © = (hy,x1,22), so that %x = f(z) =

d d.. d . .
(4zh1, 4=21, 7-2). Then, we consider the system at equi-
librium:

0= dohithas /o dohathy
L+ B+ ai+ e Thhitai+ag
x;/Q
0= 6;(zit — x]) — a100h1that o /< oF

+QE+*+QT

Ly

1+ ht+a;+ a5

— aohoy



We take the Jacobian of (21) with z9; = 0, so that z5 = 0.
With these, the Jacobian evaluates to:

8f ailp a2 ais
87x = |a21 Qa2 a3f,
T=z* 0 0 ass
where:
dohithar  dohot(1 + 27)
ajl = — Q%C% - C% (23)
5 a(i—1)100h1that (1 + %) o
aj; = —0;—1 — Qoc? (24)
_ agi—1)2ho: (1 +h7)
2 ,i€4{2,3}
dohithae  dohihoy .
= — 2,3 25
al] Qij71C% + C% 7.] E{ ) } ( )
ar1bohithyx] | aighgx] |
;= 1,3 26
a2] QOijlc% + C% yJ 6{ ) } ( )
* :I:*
=14 142
C1 + Q0 + 0,

co=1+h] +aj.

Analysis shows that det (g—i) = 111022033 — 12021033 <
0, so this matrix is invertible. With the implicit function

theorem [12], we obtain an expression for a‘?gt:

O af\ " of
__ (91 27
0Tt |, <3$> Oxat &7
5o 12023 — A13022
= a13a21 — 23011 (28)

_ -
det (%) a11022 — (12021

—_———
>0

Taking 25 — 0, substituting the definitions (23), (25), and
(26) into the second row of (28) and simplifying, we arrive
at the following expression:

8l‘1 o 50h1t h%t
8%2,5 - QQQQC%C%

Since the equilibrium z] is bounded above and below by
x1; and 0, respectively, then ajs < 110 implies that the
derivative is positive. As was established by (22), z; s is a
decreasing function of z; under fixed z;;, and so we have

(0&11(50(1 + x*{) — 0412).

r=x*

that %212;:" < 0. Similarly, when a15 > «a1100(1 + z14),
then 862;3” > (0. Thus we have demonstrated that there are
parameter regimes in which %‘%tf is positive or negative,
completing the proof. O

A parameter sweep to identify regions in which this
activating effect is and is not present is shown in Figure 3(a)
and validated in Figures 3(b) and 3(c). It is in this fashion that
lateral activation manifests: with a sufficiently high affinity
for H; (Qy small), increasing the total concentration of
X, leads to the sequestration of both of X;’s competitors.
Because X, has a high affinity for Hy, it will preferentially
bind to this chaperone, shifting the equilibrium away from
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Fig. 3. Modality 2 can exhibit either competitive behavior between different
modules, or it can demonstrate a lateral activating behavior. (a) Parameter
regimes in which competition or lateral activation are observed. The red-
orange region indicates regimes in which the two modules are competitive
with each other, so that 89&1, f /Ox2¢ < 0, whereas the yellow-orange region
indicates regimes in which Oz ¢ /Ox2¢ > 0. For small Q2, the dividing
line between the regions is effectively constant in a12, which reflects the
boundary conditions on this dividing line provided in Claim 2. Data is
obtained from simulations in which a;1 = 0.25, ass = 0.05, §; = 1,
hit = 14, hoy = 35, Q21 = 72, and z1¢ = 1. (b,c) Dose response curves
confirm that, with sufficiently high a;2 and sufficiently low €2, a system
can display lateral activation, as seen in the fact that x; ; increases in
response to an increase in xa2¢. Eventually, this effect falls apart, as xo¢
grows large. Data is obtained from simulations using the same parameters
as in (a), except that h1; = 35, hoy = 30, Q2 = 10~* (for (b)), and
a2 = 0.05 (for (c)).

unfolded H;, opening up H, to fold X;. With a sufficiently
high folding rate a9, the mutual sequestration of each of
X;’s competitors leads to a higher folding rate than it would
have otherwise achieved. As can be seen in Figures 3(a) and
3(c), however, it is necessary that 25 — 0, so that this affinity
is sufficient to achieve sequestration of the two competitors.

In the previous modality, increasing the concentration of
the chaperone would suffice to remove all competition from
the system. In this modality, however, this does not occur
as before. Individually increasing the concentration of chap-
erone hy; does appear to reduce the extent of competition
between x; and x5, as is visible in Figure 4(a). At the same
time, increasing hj; leads to an increase in the occupancy
of Hjy, reducing the absolute levels of folded protein of
interest. Increasing hy; as in Figure 4(b) yields the same
analysis as the previous section, in which competition does



() -
0.5 —h"=01
"_‘» _h1!=1
X h, =10
N ——h,, =100
0 aud ssal e
10 102 10° 102 104
Xat
(b) 4
hy =1
:05 h2t=10
X : h21=100
. h,, = 1e3
104 1072 10°
Xat
() E——
t
05 —h=10
x h, =100
_h'=193
o J
10 1072 10° 102 10*

Fig. 4. Competitive effects can be mitigated by increasing ho¢, either
alone or alongside hit. (a) Increasing hi; alone does mitigate some of
the competitive effects between x1 and x2; however, as this chaperone
can itself unfold, there is a secondary source of competition as his grows
large, nullifying the point of introducing more chaperones in the first
place. (b,c) Increasing exclusively ha¢ or both chaperones together mitigates
these competition effects. Parameters used are the same as in (a), with
aq2 = 0.05, Qo = 72, hoy = 35 (for (a)), and hy1¢ = 14 (for (b)).
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Fig. 5. Comparison of competition extents across the two modalities. The
architecture of modality 2 makes it more robust against competition for
chaperones compared to modality 1. Parameters used: ;1 = 0.15, d2 = 1,
hit = 49, z1¢ = 1.32 for modality 1; a;; = 0.15, ajoa = 5 - 1073,
S0 =83-1073,6; =1, Q; = 72, hyy = 14, hg¢ = 35, z1, = 100 for
modality 2.

become negligible. Increasing both chaperone concentrations
simultaneously keeps the result consistent with the findings
from increasing ho; alone (Figure 4(c)).

Figure 5 shows a comparison of the coupling effects of the
two modalities for comparable and biologically-reasonable
parameter sets, as derived from fitting the model from modal-
ity 1 to data from [5]. As can be seen, the lateral activation
in modality 2 manifests in a nearly hundredfold increase in
x1’s robustness to demands for chaperones by xo; compared
to modality 1.

IV. DISCUSSION & CONCLUSIONS

There is evidence to suggest that chaperone-reliant proteins
compete for folding resources in the cell; however, this
relationship has not been characterized extensively [10]. This
characterization may be possible by making use of the cell’s
native heat-shock response system, which is traditionally
regulated by a chaperone-binding transcription factor that is
deactivated when bound to chaperones [18]. By introducing
a fluorescent output at the promoter that this transcription
factor regulates, it may be possible to directly observe
competition for folding resources.

Chaperones are a critical component of cellular systems,
preventing aggregation and ensuring the correct folding of
important cellular proteins. As these chaperones are a limited
resource in the cell, unintended coupling of genetic circuits
because of competition in the cell is a design consideration.
In modality 1, this coupling effect was seen to disappear as
available chaperone levels increased. In contrast, modality 2
had an architecture that allowed for compensation within a
range of competitor levels. In the future, we will consider
plausible control architectures that can mitigate the effects
of the genetic circuit coupling implicated in this analysis.
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